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DOUBLING BIALGEBRAS OF ROOTED TREES
MOHAMED BELHAJ MOHAMED AND DOMINIQUE MANCHON
Abstract. The linear space of rooted forest admits two graded bialgebra structures. The
first is defined by A. Connes and D. Kreimer using admissible cuts, and the second is defined
by D. Calaque, K. Ebrahimi-Fard and the second author using contraction of trees. In this
article we define the doubling of these two spaces. We construct two bialgebra structures on
these space which are in interaction, as well as two associative products. We also show that
these two bialgebras verify a commutative diagram similar to the diagram verified D. Calaque,
K. Ebrahimi-Fard and the second author in the case of rooted trees Hopf algebra, and by the
second author in the case of cycle free oriented graphs oriented graphs.
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1. Introduction
Rooted trees appear in the work of Cayley [6] in the context of differential equations. They
are used in an essential way in the work of Butcher [4], Grossman and Larson [10], Munthe-
Kaas and Wright [14] in the field of numerical analysis. They also appear in the context
of renormalization in perturbative quantum field theory in the works of A. Connes and D.
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Kreimer [7, 8, 11], D. Calaque, K. Ebrahimi-Fard, D. Manchon [5, 13] and L. Foissy [9].
On the vector space H spanned by the rooted forests and graded by the number of vertices,
A. Connes and D. Kreimer introduce a Hopf algebra structure where the coproduct is defined
by:
∆CK(t) =
∑
c∈Adm(t)
P c(t)⊗Rc(t),
where Adm(t) is the set of admissible cuts.
In the same context D. Calaque, K. Ebrahimi-Fard and the second author introduce on the
commutative algebra H˜ generated by rooted forests a structure of bialgebra graded by the
number of edges. The coproduct is defined by:
∆H˜(t) =
∑
s⊆t
s⊗ t/s,
where s is a covering subforest of the rooted tree t and t/s is the tree obtained by contracting
each connected component of s onto a vertex. Also they establish a relation between the
bialgebra H˜ obtained this way and the Connes-Kreimer Hopf algebra of rooted trees H by
means of a natural H˜-comodule structure on H given by:
Φ(t) = ∆H˜(t) =
∑
s⊆t
s⊗ t/s.
To be precise, the following diagram commutes:
H
∆

Φ // H˜ ⊗ H
I⊗∆

H⊗H
Φ⊗Φ

H˜ ⊗ H ⊗ H˜ ⊗H
m13 // H˜ ⊗ H ⊗H,
making H a comodule-bialgebra on H˜ [5].
In this paper, we define the doubling spaces of H and H˜ respectively denoted by D and D˜.
In other words, we denoted by V the vector space spanned by the couples (t, s) where t is a
tree and s = P c0(t) where c0 is an admissible cut of t. The doubling space D is the symmetric
algebra of V , i.e: D := S(V ). Similarly, if V˜ is the vector space spanned by the couples (t, s)
where t is a tree, and s is a subforest of t, the doubling space D˜ is the symmetric algebra of
V˜ , i.e: D˜ := S(V˜ ). Note that D is strictly included in D˜, as there are subforest s which are
not of the form P c0(t).
We prove that there exist graded bialgebra structures on D and D˜, where the coproducts are
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defined respectively by: For all (t, s) ∈ D:
∆(t, s) =
∑
c∈Adm(s)
(
t, P c(s)
)
⊗
(
Rc(t), Rc(s)
)
,
and for all (t, s) ∈ D˜:
Γ(t, s) =
∑
s′⊆s
(t, s′)⊗ (t/s′, s/s′).
We show that ∆(V ) ⊂ V ⊗ V and Γ(V˜ ) ⊂ V˜ ⊗ V˜ , which allows us to restrict ∆ on V and Γ
on V˜ .
In the second part of this paper, we prove that D admits a comodule structure on D˜ given by
the coaction φ : D −→ D˜ ⊗D, which is defined for all (t, s) ∈ D by restriction of Γ to D:
φ(t, s) =
∑
s′⊆s
(t, s′)⊗ (t/s′, s/s′).
The coaction φ can also restrict to V because φ(V ) ⊂ V˜ ⊗ V .
We construct an associative algebra structure on V given by the associative product ⊛ :
V ⊗V −→ V , defined for all couples of forests (t, s), (t′, s′) such that s = P c(t) and s′ = P c
′
(t′)
by:
(1) (t, s)⊛ (t′, s′) =
{
(t, s ∪ s′) if t′ = Rc(t)
0 if not,
where s∪s′ is the pruning of the cut c′ raised to the tree t. This product is obtained by dualizing
the restriction of the coproduct ∆ to V , identifying V with its graded dual using the basis
{(t, P c(t)), t rooted tree and c ∈ Adm(t)}. We accordingly construct a second associative
algebra structure on V˜ by dualizing the restriction of the coproduct Γ to V˜ , yielding the
associative product ♯ : V˜ ⊗ V˜ −→ V˜ , defined by:
(2) (t, s)♯(t′, s′) =
{
(t, s ∪ s′) if t′ = t/s
0 if not.
In the end of this article, we define a new map ξ : V˜ ⊗ V˜ ⊗ V −→ V˜ ⊗ V by:
(1) ξ
(
(t′, s′)⊗ (t′′, s′′)⊗ (u, v)
)
= (t′, s′ ∪ s′′)⊗ (t′/(s′ ∪ s′′), v),
if t′′ = Rc(t′), v = P c˜(t′) and u = t′/s′, where c is an admissible cut of t′, and c˜ is an
admissible cut of t′ which does not meet s′ and s′′.
(2) ξ
(
(t′, s′)⊗ (t′′, s′′)⊗ (u, v)
)
= 0,
if t′, t′′, s′, s′′, u and v are forests which do not match the conditions of item (1).
We prove that the coaction φ and the map ξ make the following diagram commute:
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V
∆

φ
// V˜ ⊗ V
id⊗∆

V ⊗ V
φ⊗φ

V˜ ⊗ V ⊗ V
V˜ ⊗ V ⊗ V˜ ⊗ V
τ23
// V˜ ⊗ V˜ ⊗ V ⊗ V
ξ⊗id
OO
Moreover this diagram extends to the diagram:
D
∆

φ
// D˜ ⊗D
id⊗∆

D ⊗D
φ⊗φ

D˜ ⊗D ⊗D
D˜ ⊗D ⊗ D˜ ⊗D
τ23
// D˜ ⊗ D˜ ⊗D ⊗D
ξ⊗id
OO
where the arrows are now algebra morphisms. This second diagram is similar to the com-
mutative diagram verified by D. Calaque, K. Ebrahimi-fard and the second author in the
case of rooted trees hopf algebra and by the second author in the case of cycle-free oriented
graphs oriented graphs. The only difference is that the map m13 is replaced here by the map
(ξ ⊗ id) ◦ τ 23.
2. Hopf algebras of rooted trees
A rooted tree is a finite connected simply connected oriented graph such that every vertex
has exactly one incoming edge, except for a distinguished vertex (the root) which has no
incoming edge. The set of rooted trees is denoted by T and the set of rooted trees with n
vertices is denoted by Tn.
Example 1.
T1 = { }
T2 = { }
T3 = { , }
T4 = { , , , }
Let H = S(T ) be the algebra of rooted forest. A. Connes and D. Kreimer [7], [11] showed
that this space, graded according to the number of vertices, admits a structure of graded
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bialgebra. The product is the concatenation, and the coproduct is defined by:
∆CK(t) = t⊗ 1+ 1⊗ t+
∑
c∈Adm’(t)
P c(t)⊗ Rc(t)
=
∑
c∈Adm(t)
P c(t)⊗ Rc(t),
where Adm(t) (resp Adm’(t)) is the set of admissible cuts (resp. nontrivial admissible cuts) of
a forest, i.e. the set of collections of edges such that any path from the root to a leaf contains
at most one edge of the collection. We denote as usual by P c(t) (resp. Rc(t)) the pruning
(resp. the trunk) of t, i.e. the subforest formed by the edges above the cut c ∈ Adm(t) (resp.
the subforest formed by the edges under the cut). Note that the trunk of a tree is a tree, but
the pruning of a tree may be a forest. 1 stands for the empty forest, which is the unit. One
sees easily that deg(t) = deg(Pc(t)) + deg(Rc(t)) for all admissible cuts. (See [5] and [9]).
D. Calaque, K. Ebrahimi-Fard and D. Manchon showed that the space H˜ generated by the
rooted forests, graded according to the number of edges, admits a structure of graded bialgebra
[5]. The unit is the empty forests, the product is the concatenation, and the coproduct is defined
for any non empty forest t by:
∆H˜(t) =
∑
s⊆t
s⊗ t/s,
where s is a covering subforest of a rooted tree t and t/s the tree obtained by contracting each
connected component of s onto a vertex, i.e. s is a collection of disjoint sub-trees (t1, · · · , tn)
of t, covering t. In particular, two sub-trees of the forest have no vertex in common. The tree
t/s is obtained by contraction of each connected component of s on a vertex.
Example 2. The two coproducts applied to same tree :
∆H( ) = ⊗ + ⊗ + 2 ⊗ + ⊗ + ⊗ + ⊗ + ⊗ .
∆CK( ) = 1⊗ + ⊗ 1+ ⊗ + ⊗ + ⊗ + ⊗ + ⊗
The Hopf algebra H′ is given by identifying all elements of degree zero to unit 1:
(3) H′ = H˜/J
where J is the ideal generated by the elements 1− t where t is a forest of degree zero.
The example of coproduct above becomes by identifying the unit to :
∆H′( ) = ⊗ + ⊗ + 2 ⊗ + ⊗ + ⊗ + ⊗ + ⊗ .
3. Doubling bialgebras of trees
We have studied the concept of doubling bialgebra in the context of the specified Feynman
graphs Hopf algebra [1]. We have proved that the doubling space of specified Feynman graphs,
the vector space spanned by the (Γ¯, γ¯) where Γ¯ is locally 1PI specifed graph of the theory T ,
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γ¯ ⊂ Γ¯ loc 1PI and Γ¯/γ¯ is a specifed graph of T , admits a structure of graded bialgebra (see
[1] and [2, §3]).
3.1. Doubling bialgebra HCK . Let V the vector space spanned by the couple (t, s) where
t is a tree and s = P c0(t) where c0 is an admissible cut of t. We define then the doubling
bialgebra of trees HCK by D := S(V ) and we define the coproduct ∆ for all (t, s) ∈ D by:
∆(t, s) =
∑
c∈Adm(s)
(
t, P c(s)
)
⊗
(
Rc(t), Rc(s)
)
.
Theorem 1. D is a graded bialgebra.
Proof. The unit 1 is identified to empty forest, the counit ε is given by ε(t, s) = ε(s) and the
graduation is given by the number of vertices of s:
|(t, s)| = |s|.
The product is defined by:
(t, s)(t′, s′) = (tt′, ss′).
We now calculate:
(∆⊗ id)∆(t, s) = (∆⊗ id)
( ∑
c∈Adm(s)
(
t, P c(s)
)
⊗
(
Rc(t), Rc(s)
))
=
∑
c∈Adm(s)
c′∈Adm(Pc(s))
(
t, P c
′(
P c(s)
))
⊗
(
Rc
′
(t), Rc
′(
P c(s)
))
⊗
(
Rc(t), Rc(s)
)
=
∑
c∈Adm(s);c′∈Adm(s)
c′>c
(
t, P c
′
(s)
)
⊗
(
Rc
′
(t), Rc
′(
P c(s)
))
⊗
(
Rc(t), Rc(s)
)
.
The notation c′ > c denotes the cut c is below the cut c′.
On the other hand,
(id⊗∆)∆(t, s) = (id⊗∆)
( ∑
c′∈Adm(s)
(
t, P c
′
(s)
)
⊗
(
Rc
′
(t), Rc
′
(s)
))
=
∑
c′∈Adm(s)
c∈Adm(Rc′ (t))
(
t, P c
′
(s)
)
⊗
(
Rc
′
(t), P c
(
Rc
′
(s)
))
⊗
(
Rc(Rc
′
(t)
)
, Rc
(
Rc
′
(s)
))
.
The condition {c′ ∈ Adm(s); c ∈ Adm(Rc
′
(t))} is equivalent to {c ∈ Adm(s); c′ ∈ Adm(s)and c′ > c}
and we obtain the following equalities:
P c(Rc
′
(s)) = Rc
′
(P c(s)), Rc(Rc
′
(t)) = Rc(t), Rc(Rc
′
(t)) = Rc(s).
Then:
(id⊗∆)∆(t, s) =
∑
c∈Adm(s);c′∈Adm(s)
c′>c
(
t, P c
′
(s)
)
⊗
(
Rc
′
(t), Rc
′(
P c(s)
))
⊗
(
Rc(t), Rc(s)
)
= (∆⊗ id)∆(t, s).
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Hence (∆⊗ id)∆ = (id⊗∆)∆, and consequently ∆ is co-associative. Finally we have directly:
∆
(
(t, s).(t′, s′)
)
= ∆(t, s)∆(t′, s′).

Remark 1. We remark here that ∆(V ) ⊂ V ⊗ V . Indeed, if (t, s) ∈ V then
(
t, P c(s)
)
∈ V ,
since a pruning of s is also a pruning of t. Similary
(
Rc(t), Rc(s)
)
∈ V because Rc(t) is a tree,
and Rc(s) = Rc(P c0(t)) = P c0(Rc(t)) is a pruning of Rc(t). So we can restrict the coassociative
product ∆ to V .
Proposition 1. The second projection
P2 : D −→ H
(t, s) 7−→ s
is a bialgebra morphism.
Proof. The fact that P2 is an algebra morphism is trivial. It suffices to show that P2 is a
coalgebra morphism, i.e. P2 verifies the following commutative diagram:
D
P2 //
∆

H
∆

D ⊗D
P2⊗P2
// H⊗H
which can be seen by direct calculation:
∆ ◦ P2(t, s) = ∆(s)
=
∑
c∈Adm(s)
P c(s)⊗ Rc(s)
=
∑
c∈Adm(s)
P2
(
t, P c(s)
)
⊗ P2
(
Rc(t), Rc(s)
)
= (P2 ⊗ P2)∆(t, s).

3.2. Doubling bialgebra H˜. Let V˜ be the vector space spanned by the couples (t, s) where
t is a tree, and s is a subforest of t. We define then the doubling of bialgebra H˜ by D˜ := S(V˜ )
and we define the coproduct Γ for all (t, s) ∈ D˜ by:
Γ(t, s) =
∑
s′⊆s
(t, s′)⊗ (t/s′, s/s′),
Theorem 2. D˜ is a graded bialgebra.
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Proof. The unit 1 is identified to empty graph, the counit ε is given by ε(t, s) = ε(s) and the
graduation is given by the number of vertices of s:
|(t, s)| = |s|.
The product is given by:
(t, s)(t′, s′) = (tt′, ss′).
The coassocitivity of coproduct Γ is given by this calculation:
(Γ⊗ id)Γ(t, s) = (Γ⊗ id)
(∑
s′⊆s
(t, s′)⊗ (t/s, s/s′)
)
=
∑
s′⊆s
s′′⊆s′
(t, s′′)⊗ (t/s′′, s′/s′′)⊗ (t/s, s/s′)
=
∑
s′′⊆s′⊆s
(t, s′′)⊗ (t/s′′, s′/s′′)⊗ (t/s, s/s′),
whereas
(id⊗ Γ)Γ(t, s) = (id⊗ Γ)
(∑
s′′⊆s
(t, s′′)⊗ (t/s, s/s′′)
)
=
∑
s′′⊆s
r⊆s/s′′
(t, s′′)⊗ (t/s′′, r)⊗ ((t/s′′)/r, (t/s′′)/r).
As r ⊆ s/s′′, then there exists a forest s′ such that: s′′ ⊆ s′ ⊆ s and r ∼= s′/s′′. Hence:
(id ⊗ Γ)Γ(t, s) =
∑
s′′⊆s′⊆s
(t, s′′)⊗ (t/s′′, s′/s′′)⊗ ((t/s′′)/(s′/s′′), (s/s′′)/(s′/s′′))
=
∑
s′′⊆s′⊆s
(t, s′′)⊗ (t/s′′, s′/s′′)⊗ (t/s, s/s′).
Therefore (Γ ⊗ id)Γ = (id ⊗ Γ)Γ, and thus Γ is coassociative. Finally we show immediately
that:
Γ
(
(t, s)(t′, s′)
)
= Γ(t, s)Γ(t′, s′).

Remark 2. We note here that Γ(V˜ ) ⊂ V˜ ⊗ V˜ . Indeed, if (t, s) ∈ V then (t, s′) ∈ V˜ and
(t/s′, s/s′) ∈ V˜ . So we can restrict the coassociative product Γ to V˜ .
Proposition 2. The second projection
P2 : D˜ −→ H˜
(t, s) 7−→ s
is a morphism of graded bialgebras.
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Proof. The fact that P2 is an algebras morphism is trivial, it suffices to show that P2 is a
coalgebra morphism, analogously to Proposition 1:
Γ ◦ P2(t, s) = Γ(s)
=
∑
s′⊆s
s′ ⊗ s′/s′
=
∑
s′⊆s
P2(t, s
′)⊗ P2(t/s
′, s/s′)
= (P2 ⊗ P2)Γ(t, s).

4. Comodule structure
4.1. Comodule structure on bialgebras of trees and bialgebras of oriented graphs.
D. Calaque, K. Ebrahimi-Fard and D. Manchon have studied the Connes-Kreimer Hopf algebra
H graduated following the number of vertices in [5], as comodule on a Hopf algebra of rooted
trees H˜ graduated according to the number of edges. This structure is defined as follows: For
1 we have: Φ(1) = ⊗ 1, and for any non-empty tree t we have:
Φ(t) = ∆H˜(t) =
∑
s⊆t
s⊗ t/s.
We can also write Φ(t) as follows:
Φ(t) = ∆H˜(t) =
∑
s⊆t
s⊗ t/s
= ⊗ t +
(
t⊗ +
∑
s proper sub-forest oft
s⊗ t/s
)
.
D. Calaque, K. Ebrahimi-Fard and the second author showed the existence of a relation between
this coaction Φ and the Connes-Kreimer coproduct ∆CK .
(4) ∆CK(t) = t⊗ 1 + 1⊗ t +
∑
c∈Adm(t)
P c(t)⊗Rc(t),
This relation is given by this theorem:
Theorem 3. [5] This diagram is commutative:
H
∆

Φ // H˜ ⊗ H
I⊗∆CK

H⊗H
Φ⊗Φ

H˜ ⊗ H ⊗ H˜ ⊗H
m13 // H˜ ⊗ H ⊗H
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i.e : The following identity is verified:
(5) (IdH˜⊗∆CK) ◦ Φ = m
1,3 ◦ (Φ⊗ Φ) ◦∆CK ,
where m1,3 : H˜ ⊗ H ⊗ H˜ ⊗H −→ H˜ ⊗H⊗H is defined by:
(6) m1,3(a⊗ b⊗ c⊗ d) = ac⊗ b⊗ d.
4.2. Comodule structure on the doubling of the rooted trees bialgebra. We define
φ : D −→ D˜ ⊗D for all (t, s) ∈ D by:
φ(t, s) =
∑
s′⊆s
(t, s′)⊗ (t/s′, s/s′).
The map φ is well defined. Indeed, if (t, s) ∈ D i.e: s = P c0(t) for an admissible cut c0 of t,
we have:
s ⊆ t =⇒ s′ ⊆ s ⊆ t =⇒ (t, s′) ∈ D˜,
and s/s′ = P c(t/s′), where c is the admissible cut deduced from c0. Therefore (t/s
′, s/s′) ∈ D.
Theorem 4. D admits a comodule structure on D˜ given by φ.
Proof. The proof amounts to show that the following diagram is commutative:
D
φ
//
φ

D˜ ⊗D
Γ⊗id

D˜ ⊗D
id⊗φ
// D˜ ⊗ D˜ ⊗D
Let (t, s) ∈ D:
(Γ⊗ id) ◦ φ(t, s) = (Γ⊗ id)
(∑
s′⊆s
(t, s′)⊗ (t/s′, s/s′)
)
=
∑
s′′⊆s′⊆s
(t, s′′)⊗ (t/s′′, s′/s′′)⊗ (t/s′, s/s′).
On the other hand, we have:
(id⊗ φ) ◦ φ(t, s) = (id⊗ φ)
(∑
s′′⊆s
(t, s′′)⊗ (t/s′′, s/s′′)
)
=
∑
s′⊆s
s˜′⊆s/s′′
(t, s′′)⊗ (t/s′′, s˜′)⊗ ((t/s′′)/s˜′, (s/s′′)/s˜′)
=
∑
s′′⊆s′⊆s
(t, s′′)⊗ (t/s′′, s′/s′′)⊗ (t/s′, s/s′).
Then :
(Γ⊗ id) ◦ φ = (id⊗ φ) ◦ φ,
and consequently φ is a coaction. 
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Remark 3. We note here that φ(V ) ⊂ V˜ ⊗ V .
5. Structures of associative algebras on the doubling spaces
5.1. Associative Product on V . Recall here that an element (t, s) belongs to V if t is a tree
and s = P c(t) i.e. s is the pruning of the tree t for an admissible cut c.
Theorem 5. Let (t, s) and (t′, s′) be two couples of forests such that s = P c(t) and s′ = P c
′
(t′).
The product ⊛ : V ⊗ V −→ V is defined by:
(7) (t, s)⊛ (t′, s′) =
{
(t, s ∪ s′) if t′ = Rc(t)
0 if not,
where s ∪ s′ is the pruning of the cut c′ raised to the tree t, is associative.
Proof. Let (t, s), (t′, s′) and (t′′, s′′) be a three elements of V i.e, there exist c ∈ Adm(t), c′ ∈
Adm(t′) and c′′ ∈ Adm(t′′) such that : s = P c(t), s′ = P c
′
(t′) and t′′ = P c
′′
(t′′).
We suppose firstly that t′ = Rc(t), otherwise the result is zero.(
(t, s)⊛ (t′, s′)
)
⊛ (t′′, s′′) = (t, s˜′)⊛ (t′′, s′′)
= (t, s ∪ s′ ∪ s′′),
where s˜′ = s ∪ s′ and t′′ = Rcs˜′ (t) = Rc
′
(Rc(t)) = Rc
′
(t′). Then:
(
(t, s)⊛ (t′, s′)
)
⊛ (t′′, s′′) =
{
(t, s ∪ s′ ∪ s′′) if t′ = Rc(t) and t′′ = Rc
′
(t′)
0 if not.
Otherwise, for t′′ = Rc
′
(t′) we have:
(t, s)⊛
(
(t′, s′)⊛ (t′′, s′′)
)
= (t, s)⊛ (t′, s˜′′)
= (t, s ∪ s′ ∪ s′′),
where s˜′′ = s′ ∪ s′′ and t′ = Rc(t). Therefore:
(t, s)⊛
(
(t′, s′)⊛ (t′′, s′′)
)
=
{
(t, s ∪ s′ ∪ s′′) if t′ = Rc(t) and t′′ = Rc
′
(t′)
0 if not.
We therefore conclude that for all (t, s), (t′, s′) and (t′′, s′′) in V we have:(
(t, s)⊛ (t′, s′)
)
⊛ (t′′, s′′) = (t, s)⊛
(
(t′, s′)⊛ (t′′, s′′)
)
,
which proves the associativity of the product ⊛. 
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5.2. Associative product on V˜ . Recall here that an element (t, s) belongs to V˜ if s is a
subforest of the tree t.
Theorem 6. The product ♯ : V˜ ⊗ V˜ −→ V˜ defined by:
(8) (t, s)♯(t′, s′) =
{
(t, s ∪ s′) if t′ = t/s
0 if not
is associative.
Proof. Let (t, s), (t′, s′) and (t′′, s′′) three elements of V˜ , i.e, s ⊆ t, s′ ⊆ t′ and s′′ ⊆ t′′
We suppose firstly that t′ = t/s, if not, the result is zero.(
(t, s)♯(t′, s′)
)
♯(t′′, s′′) = (t, s˜′)♯(t′′, s′′)
= (t, s ∪ s′ ∪ s′′),
where s˜′ = s ∪ s′ and t′′ = t/s˜′ = (t/s)/s′ = t′/s′. Therefore:
(
(t, s)♯(t′, s′)
)
♯(t′′, s′′) =
{
(t, s ∪ s′ ∪ s′′) if t′ = t/s and t′′ = t′/s′
0 if not.
Otherwise, for t′′ = t′/s′ we have:
(t, s)♯
(
(t′, s′)♯(t′′, s′′)
)
= (t, s)♯(t′, s˜′′)
= (t, s ∪ s′ ∪ s′′),
where s˜′′ = s′ ∪ s′′ and t′ = t′/s′. Therefore:
(t, s)♯
(
(t′, s′)♯(t′′, s′′)
)
=
{
(t, s ∪ s′ ∪ s′′) if t′ = t/s and t′′ = t′/s′
0 if not.
We conclude that for all (t, s), (t′, s′) and (t′′, s′′) in D we have:(
(t, s)♯(t′, s′)
)
♯(t′′, s′′) = (t, s)♯
(
(t′, s′)♯(t′′, s′′)
)
,
which proves the associativity of the product ♯. 
6. Relations between the laws on V and V˜
Theorem 7. The map: ψ : V˜ ⊗ V −→ V defined by:
(9) ψ
(
(t, s)⊗ (u, P c(u))
)
=
{
(t, P c˜(t)) if u = t/s
0 if not,
where c˜ is the raising of c to t, is an action of V˜ on V .
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Proof. We have to verify the commutativity of this diagram:
V˜ ⊗ V˜ ⊗ V
id⊗ψ
//
♯⊗id

V˜ ⊗ V
ψ

V˜ ⊗ V
ψ
// V
Let (t, s) and (t′, s′) be two elements of V˜ , and (u, P c(u)) ∈ V . We have:
(id⊗ ψ)
(
(t, s)⊗ (t′, s′)⊗ (u, P c(u))
)
=
{
(t, s)⊗ (t′, P c¯(t′)) if u = t′/s′
0 if not,
where c¯ is the raising of c to t′. Then:
ψ ◦ (id⊗ ψ)
(
(t, s)⊗ (t′, s′)⊗ (u, P c(u))
)
=
{ (
t, P c˜(t)
)
if t′ = t/s and u = t′/s′
0 if not,
where c˜ is the raising of c¯ to t, i.e: c˜ is the raising of c to t. Therefore:
ψ ◦ (id⊗ ψ)
(
(t, s)⊗ (t′, s′)⊗ (u, P c(u))
)
=
{ (
t, P c˜(t)
)
if t′ = t/s and u = t′/s′
0 if not,
where c˜ is the raising of c to t.
On the other hand, we have:
(♯⊗ id)
(
(t, s)⊗ (t′, s′)⊗ (u, P c(u))
)
=
{
(t, s ∪ s′)⊗ (u, P c(u)) if t′ = t/s
0 if not.
Then:
ψ ◦ (♯⊗ id)
(
(t, s)⊗ (t′, s′)⊗ (u, P c(u))
)
=
{ (
t, P c˜(t)
)
if t′ = t/s, u = t/(s ∪ s′) = t′/s′
0 if not,
where c˜ is the raising of c to t. We conclude then:
ψ ◦ (id⊗ ψ) = ψ ◦ (♯⊗ id),
which proves that ψ is an action of V˜ on V . 
Theorem 8. The following diagram is commutative:
D
φ
//
∆

D˜ ⊗D
id⊗∆

D ⊗D
φ⊗id
// D˜ ⊗D ⊗D
i.e:
(10) (φ⊗ id) ◦∆ = (id⊗∆) ◦ φ.
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Therefore, ∆ is a comodule morphism from (D,Φ) to (D ⊗D,Φ⊗ id).
Proof. We have:
(id⊗∆) ◦ φ(t, s) = (id⊗∆)
(∑
s′⊆s
(t, s′)⊗ (t/s′, s/s′)
)
=
∑
s′⊆s
c∈Adm(s/s′)
(t, s′)⊗
(
t/s′, P c(s/s′)
)
⊗
(
Rc(t/s′), Rc(s/s′)
)
.
On the other hand, we have:
(φ⊗ id) ◦∆(t, s) = (φ⊗ id)
( ∑
c′∈Adm(s)
(
t, P c
′
(s)
)
⊗
(
Rc
′
(t), Rc
′
(s)
))
=
∑
c′∈Adm(s)
s′⊆Pc
′
(s)
(t, s′)⊗
(
t/s′, P c
′
(s)/s′
)
⊗
(
Rc
′
(t), Rc
′
(s)
)
.
The conditions {s′ ⊆ P c
′
(s) and c ∈ Adm(s/s′)} and {c′ ∈ Adm(s) and s′ ⊆ P c
′
(s)} are
equivalent, where c′ is the raising of c. We then obtain the following equalities:
P c
′
(s)/s′ = P c(s/s′) ; Rc
′
(t) = Rc(t/s′) and Rc
′
(s) = Rc(s/s′), Which gives:
(φ⊗ id) ◦∆(t, s) =
∑
c′∈Adm(s)
s′⊆Pc
′
(s)
(t, s′)⊗
(
t/s′, P c
′
(s)/s′
)
⊗
(
Rc
′
(t), Rc
′
(s)
)
=
∑
s′⊆s
c∈Adm(s/s′)
(t, s′)⊗
(
t/s′, P c(s/s′)
)
⊗
(
Rc(t/s′), Rc(s/s′)
)
.
Therefore:
(φ⊗ id) ◦∆ = (id⊗∆) ◦ φ,
which proves the commutativity of the diagram. 
Theorem 9. The map ψ verifies the following commutative diagram:
V˜ ⊗ V ⊗ V
id⊗⊛ //
ψ⊗id

V˜ ⊗ V
ψ

V ⊗ V
⊛
// V
i.e :
(11) ψ ◦ (id⊗⊛) = ⊛ ◦ (ψ ⊗ id).
Proof. Let (u, P c(u)), (u′, P c
′
(u′)) be two elements of V and (t, s) ∈ V˜ , we have:
(id⊗⊛)
(
(t, s)⊗ (u, P c(u))⊗ (u′, P c
′
(u′))
)
=
{
(t, s)⊗
(
u, P c(u) ∪ P c
′
(u′)
)
if u′ = Rc(u)
0 if not,
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Then:
(id ⊗⊛)
(
(t, s)⊗ (u, P c(u))⊗ (u′, P c
′
(u′))
)
=
{
(t, s)⊗
(
u, P c¯
′
(u)
)
if u′ = Rc(u)
0 if not,
where c¯′ is the raising of c′ to u. Then:
ψ ◦ (id⊗⊛)
(
(t, s)⊗ (u, P c(u))⊗ (u′, P c
′
(u′))
)
=
{ (
t, P c˜
′
(t)
)
if u = t/s, u′ = Rc(u)
0 if not,
where c˜′ is the raising of c¯′ to t. The cut c˜′ can be also seen as raising of c′ to t. Therefore:
ψ ◦ (id⊗⊛)
(
(t, s)⊗ (u, P c(u))⊗ (u′, P c
′
(u′))
)
=
{ (
t, P c˜
′
(t)
)
if u = t/s, u′ = Rc(u)
0 if not,
where c˜′ is the raising of c′ to t.
On the other hand, we have:
(ψ ⊗ id)
(
(t, s)⊗ (u, P c(u))⊗ (u′, P c
′
(u′))
)
=
{ (
u, P c˜(t)
)
⊗
(
u′, P c
′
(u′)
)
if u = t/s
0 if not,
where c˜ is the raising of c to t. Then:
⊛ ◦ (ψ ⊗ id)
(
(t, s)⊗ (u, P c(u))⊗ (u′, P c
′
(u′)
)
=
{ (
t, P c˜(u) ∪ P c
′
(u′)
)
if u=t/s,
u′=Rc˜(t)
0 if not
=
{ (
t, P c˜
′
(t)
)
if u=t/s,
u′=Rc˜(t)=Rc(u)
0 if not,
where c˜′ is the raising of c′ to t. Therefore:
ψ ◦ (id⊗⊛) = ⊛ ◦ (ψ ⊗ id),
and consequently the diagram is commutative. 
Definition 1. Let ξ : V˜ ⊗ V˜ ⊗ V −→ V˜ ⊗ V be the map defined by:
(1) ξ
(
(t′, s′)⊗ (t′′, s′′)⊗ (u, v)
)
= (t′, s′ ∪ s′′)⊗ (t′/(s′ ∪ s′′), v),
if t′′ = Rc(t′), v = P c˜(t′) and u = t′/s′, where c is an admissible cut of t′, and c˜ is an
admissible cut of t′ does not meet s′ and s′′.
(2) ξ
(
(t′, s′)⊗ (t′′, s′′)⊗ (u, v)
)
= 0,
if t′, t′′, s′, s′′, u and v are forests which do not match the conditions of item (1).
Theorem 10. The two maps φ and ξ make the following diagram commute:
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V
∆

φ
// V˜ ⊗ V
id⊗∆

V ⊗ V
φ⊗φ

V˜ ⊗ V ⊗ V
V˜ ⊗ V ⊗ V˜ ⊗ V
τ23
// V˜ ⊗ V˜ ⊗ V ⊗ V
ξ⊗id
OO
i.e :
(12) (id⊗∆) ◦ φ = (ξ ⊗ id) ◦ τ 23 ◦ (φ⊗ φ) ◦∆.
Proof. We have:
(id⊗∆) ◦ φ(u, v) = (id⊗∆)
(∑
s⊆v
(u, s)⊗ (u/s, v/s)
)
=
∑
s⊆v
c∈Adm(v/s)
(u, s)⊗
(
u/s, P c(v/s)
)
⊗
(
Rc(u/s), Rc(v/s)
)
.
On the other hand, we have:
(ξ ⊗ id) ◦ τ 23 ◦ (φ⊗ φ) ◦∆(u, v) = (ξ ⊗ id) ◦ τ 23
( ∑
c∈Adm(v)
φ
(
u, P c(v)
)
⊗ φ
(
Rc(u), Rc(v)
))
= (ξ ⊗ id) ◦ τ 23
( ∑
c∈Adm(v)
∑
s′⊆Pc(v)
s′⊆Rc(v)
(u, s′)⊗
(
u/s′, P c(v)/s′
)
⊗
(
Rc(u), s′′
)
⊗
(
Rc(u)/s′′, Rc(v)/s′′
))
= (ξ ⊗ id)
( ∑
c∈Adm(v)
∑
s′⊆Pc(v)
s′′⊆Rc(v)
(u, s′)⊗
(
Rc(u), s′′
)
⊗
(
u/s′, P c(v)/s′
)
⊗
(
Rc(u)/s′′, Rc(v)/s′′
))
=
∑
c∈Adm(v)
∑
s′⊆Pc(v)
s′′⊆Rc(v)
(u, s′ ∪ s′′)⊗
(
u
/
s′ ∪ s′′, P c(v)
/
(s′ ∪ s′′) ∩ P c(v)
)
⊗
(
Rc(u)/s′′, Rc(v)/s′′
)
=
∑
c∈Adm(v)
∑
s⊆v
containing no edge of c
(u, s)⊗
(
u/s, P c(v)
/
s ∩ P c(v)
)
⊗
(
Rc(u)
/
s ∩Rc(u), Rc(v)
/
s ∩Rc(v)
)
=
∑
s⊆v/s
∑
c∈Adm(v/s)
(u, s)⊗
(
u/s, P c(v/s)
)
⊗
(
Rc(u/s), Rc(v/s)
)
.
Hence: (id⊗∆) ◦ φ = (ξ ⊗ id) ◦ τ 23 ◦ (φ⊗ φ) ◦∆, which proves the theorem. 
Remark 4. We notice here that, this diagram extends to the commutative diagram:
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D
∆

φ
// D˜ ⊗D
id⊗∆

D ⊗D
φ⊗φ

D˜ ⊗D ⊗D
D˜ ⊗D ⊗ D˜ ⊗D
τ23
// D˜ ⊗ D˜ ⊗D ⊗D
ξ⊗id
OO
where the arrows are now algebra morphisms.
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